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Quantum mechanical stabilization of

Minkowski signature wormbholes.
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Abstract

When one attempts to constuet elassical wormboles in Minkowski signature
[ orenrzian spacetities violations of hoth the weak energy hypothesis and averaged
weik energy hypothesis are enconntered. Sinee the weak energy hypot hesis is exper
inentally known to he violated quantum mechanically, this suggests that a quantum
mechanieal analysis of Minkowski signature wortnholes is in order. In this note |
perfortn o minisuperspice analysis of a sitmple eliass of Minkowski signature worm
holes: By solving the Wheeler de Wittt equation for pure Fiustein gravity on this
munenaperspace the guantum mechameal wave fanetion of the wormbhole is abtainel
i closed Sornn The wormbole is shown to he quantum mechamen!lv seablized wath

atcavernee tadims of order the Planck leneth.

Subnatted v Plivacal Revieew D Rapad Connmunineations

Bivordd ona talk voven ar the Wormshop, Feraalab, 1113 Moy Tasn



1. Introduction.

The past vear has seen a resurgenee of interest in wormholes constrieted on
AMinkowski signature Lorentzian spacetimes, This subjeet is gquite distinet from the
Euclidean wonuholss that are being considered as possibly signiticant contributions
to Euclidean quantum gravity, Minkowski signature wormbholes have recently heen
considered by Morris and Thornes (1] by Morris. Thorue, and Yuresever 27 ol
by the present author (304 A major result of rhese investigations is thit o
the classical level violatious of the weak energy hypothesis and the averaged weak
cnerey hivpothesis are guaranteed to ocenr at the throat of Minkowski ~ignatoge

wormliole.

On the other hand it is experimentally known that quantum mechanies violates
the weak (and strong and dominaut) energy hypotheses. The best known situation
in which this happens is the Casimir effeet ]3], Whether quanom mechanies
permits violations of the averaged weak energy hypethesis is presently auknown.
This snegests that quantmn wechanies may be the key to interesting worthole
physies in Loventzian spacetime, and it is this question that 1 shall investigine in

this paper.

[ shall present aquant um mechanieal anelysis of o minisuperspaee that deseribes
a class of Minkowski signature wortnholes, The enleulation proceeds by considering
the path integral fornmlation of (pure) quantum gravity and bhratally truncating the
space of werries, The Einstein Hilbert aetion is evadluated on this minisuperspaee,
id the corresponding Lograngian and Hamiltonian are exteacted. The resultine
Iinisuperspice versiot of quantuan gravity can be solved in elosed form, The ex
pectation value of the wormhole radius shall bee enlealated vo be of ovder the Planek
leneth Sinee the elassieal Finsten tield egquations are irrelevant for potposes ot the

present ealenlation no attetpt 1o ansty them wall bee made,

I he eeneralization to quantum mechanical wormbhioles based oncaepeally eod
ied Sewarzwcluld and Redvener Novdsttom spaeetimes o paneiple el ton

watd, bt v techimeally mesaysand Tam anable to obtinn exaet closed o wane



funetions S L pnportant case. The mtrodustion of matter is agadn in prineiple

stranelittforaends i only approximate wavefunctions can be obiained.



2. The Cinstein Hilbert action in minl superspace.

To construcet the elass of wonnholes of interest, cozsider two copies of Minkowski
spirce. Remove from each copy identical four dimensional regions €24 and Q.. Gne is
lefr with two geadesically incomplete manifolds with boundaries given by the hyper-
surfaces 9 and 9. Now ideutify these two hypersurfaces (e 02 = 982,). The
resulring spacetime .M is geodesically compiete and posesses two asymptotically Hat
regions connected by a wormbhole. The throat of the wormbhole is at 9Q. Because
M s piecewise Minkowski space. the Reimann curvature is everywhere zero, ex
cept at the throat itself. At JQ one expects the Reimann curvature tensor to be
proportional to a delta function. This situation may be analysed by utilizing the
“junction condition” formalism (also known as the “boundary layer™ formalism)

6.7, The boundary later formalism allows the Ricel tensor at the junction to
be casily calealated in terms of the second fundanental form of Q. The second

fundaental torm is

. Oy
K, =Lyt 2 (2.1)
- 0,’ n=0,
where godenotes the normal coordinate to d§2. Then the Ricei tensor is
Ky 0
Ry o2 “Mn). (2.

() K(r)
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~phertcal sy rnertey the geometry is undquely specttied by o single degree of freedom:

the radius ot the throat a(r). The second lundamental form s

K™, 0 0
R',=] 0 R" 0
0 0 K%

This has now reduced the computation of the Einstein Hilbert action to rhat of
cotputing the two non reivial components of the second fundamental form. This

caleulation may conveniently be found in references 4 and 6 with the result that

- - l T . 1 l“. l "¢
1\ HH - 1\ . G- T \,-'/l + a°; I\rr = —‘—'—— = ‘ S”l : (”)- (-)-'-))
g 1 +al dr

Now noting that /gy dUos Az af dr we see that the Einstein Hilbert action is

h Y T
5 /{2«:\/1 A u'l;l-r-.",mll 'l('l)}«/r (2.61

After aniwreeration by parts the gravitational Lagrangian vestrieted to this min

ISHperspace may he tdentifiod as

i . / ,
l 1‘_;' . {(I a S |“-” u\./l ) ""}.
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3. Quantization.

Now that the Lagrangian is known, quantization is straightforward. The only
remarkable aspect of the analysis is that closed form exact expressions are obtained.

The conjugate momentum to a is

2ak
p= gﬁ: = 7,"';—: Siuk ™). (3.1

s ) ) ) . ) 12 ) .
This relation may be inverted to vield @ = Sinh( 55 P so that the Hamiltonian s

21 :
H(p.«t);—pd—L:-[j_—_,::-u-C'ush(._,i;lﬁ-p). (3.2)

While this is still a classical Hamiltonian which would seem to have tremndous
factor ordering ambiguity, the factor ordering ambiguity may be removed in a nat-
ural way by demanding Hermiticity (self adjointness) of the Hamiltonian. In fact if

we now replace po— —(h'-‘,-:;. the resulting Hamiltonian operator is seen to be

DY) ,
H = -'—_-';I— ca - Cos ( !f:- : l(—)—) (3.3)

The wave function of the wormhole is determined in the usual fashion by the
Wheeler de Witt equation Hiua) = 0. (The fact that the “eigenvalne” is zero
i~ i standard consequence of the reparameterization invariance of the theory), The

~olutions to this equation are casily seen to bhe

AN FTE IR 1'xll-[ {,('_!u } ‘1),’.(:,/[,,.)":, 3

Hete noas anomtever valued guaommn mnnber deseribine, the terual stare of the
tihole Nevative values of ooare nor normalisable aind <o are disearded o The ap

proprinte nortahzation s [ ot = da 10 The expectation value of the wortnhole

|;|||l||\. i-- syl tao e



() ~ Lp/ /(20 + 1), (3.5)

Tlus the wormbcle has been quantum mechanically stabilized with a radius of order

the Planck length.

A few words of discussion are in order:

Considerable insighe into the meaning of these wavefunctions may be obtained
by considering an analogy with the s-wave Hydrogen atom. A Hydrogen atom with
coro angular momentun is classically unstable against collapse, but is quantum
mechanically stable with a radius of order the Bohr radius. The wormbhole system
under cousideration may be viewed as the gravitational analogue of this shuple
systemn, In particular the n < 0 modes that were trown away are directly analogous

to the non normalizable modes of the quantum Hydrogen atom.

Perhaps the most potentially damaging criticism that can bhe made concerning
this caleulation is that it is performed in minisupes mace instead of nsing Wheeler's
full superspace. It is quite possible that the brutal truceation from an infinite
munher of degrees of freedom ¢, (8 1) down to one degree fo freedom a(7) has also
brutaily rruneated the real physies. There is no entirely satisfactory answer to
this objection. except to point out that given our current calenlational abilvies tor
cather. liek of them) we simply Liave no choice 5t we are to be able to calealare
anvthing. [ would however remind the reader that although the application is
nutgue. the minisuperspace technology etploved s oo standard gquantum eraviny

?l'c'l”linll;l-

The faet thar the Wheeler de Witt equation for the wormhole is not quadratie i
totmenta o an npusial feature that may canse sotme coufusion. This non quadranie
Letiivior is however merely o retlection of onr ehiotee of canomeal position variable

! J



4. Conclusions.

In this note we have seen how quantum mechanics stabilizes Minkowski signa-
ture wortnholes and prevents them from “pinching off ", If this result 15 as general
as expected 1t has implications for topology changing processes in quantum grav-
ity. It suggests that the causality violations engendered in spacetime by classical
topology changes may be prevented at a quantum mechanical level by this quantuni

stabilization process.
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